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1 Cobweb posets 

The family of the so called cobweb posets 11 has been invented by A.K.Kwasniewski 
few years ago (for references see: OH]). These structures are such a generalization 
of the Fibonacci tree growth that allows joint combinatorial interpretation for all 
of them under the admissibility condition (see iJiiS]). 

Let {-F'„}„>o be a natural numbers valued sequence with _Fo = 1 (with _Fo = 
being exceptional as in case of Fibonacci numbers). Any sequence satisfying this 
property uniquely designates cobweb poset defined as follows. 
For s e No = N U {0} let us to define levels of 11: 

= {(i,s), 1<J<FJ, 

(in case of Fo = level $0 corresponds to the empty root {0}). ) 
Then 

Definition 1. Corresponding cobweb poset is an infinite partially ordered set 11 = 
(y, <), where 

0<s 
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are the elements ( vertices ) of H and the partial order relation < on V for x — 
(s, t), y — (m, v) being elements of cobweb poset II is defined by formula 

{x <p y) [{t<v)y{t = vhs^ u)]. 

Obviously any cobweb poset can be represented, via its Hasse diagram, as infinite 
directed graf 11 = (V, E), where set V of its vertices is defined as above and 

i? = {(0-,p),(g,b + i)))} u {((1,0), (1,1))}, 

where I < j < Fp and 1 < g < -^'(p+i) stays for set of (directed) edges. 
The Kwasniewski cobweb posets under consideration represented by graphs are ex- 
amples of oderable directed acyclic graphs (oDAG) which we start to call from now 
in brief: KoDAGs. These are structures of universal importance for the whole of 
mathematics - in particular for discrete " 'mathemagics" ' (http:/ /ii.uwb.edu.pl/akk/ 
] and computer sciences in general (quotation from [71[H] ): 

For any given natural numbers valued sequence the graded (layered) 
cobweb posets' DAGs are equivalently representations of a chain of bi- 
nary relations. Every relation of the cobweb poset chain is biunivocally 
represented by the uniquely designated complete bipartite digraph-a 
digraph which is a di-biclique designated by the very given sequence. 
The cobweb poset is then to be identified with a chain of di-bicliques 
i.e. by definition - a chain of complete bipartite one direction digraphs. 
Any chain of relations is therefore obtainable from the cobweb poset 
chain of complete relations via deleting arcs (arrows) in di-bicliques. 

According to the definition above arbitrary cobweb poset 11 = {V, <) is a graded 
poset (ranked poset) and for s G No: 

X E $5 — > r{x) = s, 

where r : 11 — > No is a rank function on 11. 

Let us then define Kwasniewski finite cobweb sub-posets as follows 

Definition 2. Let P„ (K,<), {n > 0), for K = |J $s and < being the 

0<s<n 

induced partial order relation on II. 

Its easy to see that P„ is ranked poset with rank function r as above. P„ has a 
unique minimal element = (1,0) ( with r(0) = 0). Moreover 11 and all P„ s are 
locally finite, i.e. for any pair x,y E H, the segment [x,y] = {z € H : x < z < y} is 
finite. 

Let us recall that one defines the incidence algebra of a locally finite partially 
ordered set P as follows (see [9l [TOl fTl] ): 

I{P) ^ I{P,R) ^ {f : P X P > R; f{x,y)^Q unless x<y}. 
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The sum of two such functions / and g and multipUcation by scalar are defined as 
usual. The product h = f * g is defined as follows: 

h{x,y) ^ {f * g){x,y) = ^ f{x,z)-g{z,y). 

2;GP: x<z<y 

It is immediately verified that this is an associative algebra (with an identity clement 
S{x,y), the Kronecker delta), over any associative ring R. 

In [4] the incidence algebra of an arbitrary cobweb poset 11 ( or its subposets 
Pn) uniquely designated by the natural numbers valued sequence {Fn}n>o, was 
considered by the present author. The explicit formulas for some typical elements 
of incidence algebra /(II) of 11 where delivered there. 

So for x,y being some arbitrary elements of 11 such that x ~ (s,t}, y — {u,v), 
(s, u eN, t,v e No), I < s < Ft and 1 < u < one has: 

(1) C function of 11 being a characteristic function of partial order in 11 

oc 

C(x, y) - C ((s, t), {u, v)) = S{s, u)d{t, v)+J2 S{t + k,v), (1) 

k=l 

one can also verify, that enumerates all multichains of length fc, 

(2) Mobius function of 11 being a inverse of C 

oc v — 1 

n{x,y)=5{t,v)5{s,u)-5{t + l,v) + J2^it + k,v){-l)^ J| {F,-l), (2) 

k=2 i=t+l 

(3) function = ^ * C counting the number of elements in the segment [a;, y] 

e{x, y) = card [x, y] = \Y.^^+ 2, (3) 

(4) function rj 

r,{x,y)=Y^5{t + k,v)^\ J , (4) 

k=l ^ 

(5) function ri^{x,y), (fc G N) counting the number of chains of length fc, (with 
(fc + 1) elements) from x to y 

v''{x,y) = 1 

a;<Zi<22<...<Zfc_i<i/ 

(5) 

EF F F 

t<ix<i2<...<ik-l<v 
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(6) function C 

oo 

C{{s, t), (u, v)) = S{t, v)S{s, u)~Yl '^(^ + ^' (6) 

such that its inverse function C^^(x,y) counts the number of all chains from 
X to y' 

(7) function x 

xix,y)^S{t + l,v), (7) 

(8) function x'^(a;, y), [k £ N) counting the number of maximal chains of length 
k, (with [k + 1) elements) from x to y 

X\x,y)^ l = 5{t + k,v)Ft+iFt+2-F,-i- (8) 

a;<2i<...<2fc_i<i/ 

(9) function M 

M{{s, t), {u, v)) = S{t, v)S{s, u) - 6{t + l,v), (9) 

such that its inverse function Ai^^ counts the number of all maximal chains 
from X to y. 

In this paper the notion of the standard reduced incidence algebra [2 [TOl [H] 
of an arbitrary cobweb poset 11 will be delivered. As we shall see, it enables us for 
example to facilitate the formulas presented above. The results presented below 
stay true when considering finite subposets P„ defined above. 

2 The Standard Reduced Incidence Algebra of an 
arbitrary cobweb poset 

Let S'(n) be the set of all segments in 11 and let ~ be the equivalence relation 

~c s'(n) X s'(n) 

Let us recall that ~ is compatible ([!]), i.e. it satisfies the following condition: 
if / and g belong to the incidence algebra I{P) and f{x,y) = f{u,v) as well as 
g{x, y) = g{u, v) for all pairs of segments such that [x, y] ~ [u, v], then {f*g){x, y) — 
{f *g){u,v). 

The equivalence classes of segments of H relative to ~ are called types. The 
set of all functions defined on types (i.e. all functions taking the same value on 
equivalent segments) forms an associative algebra with identity. One calls it the 
reduced incidence algebra R{Il, ~) (modulo the the equivalence relation ^). Let us 
note that i?(n, ^) is isomorphic to a subalgebra of the /(n), ([I]). 

Now let be ~ defined as follows 

[x,y] ~ [u,v] <^=> segments [x,y], [u,v] are isomorphic. (10) 
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One can show that it is order compatible. Then one calls i?(n, ~) = -R(n) the 
standard reduced incidence algebra of 11. Also from the definitions of ^ and partial 
order on 11 one infers that 

[x, y] ^ [u, v] [t{x) = r{u) A r{y) = r{v)] . 

So let T be the set of types of relation ~ defined above. Then 

T={{k, n) : k,nG Nq} 

and for A; < n 

{k, n) = {[x, y] e S{U) : r{x) =kA r{y) = n}, (11) 

or equivalently 

(fc, n) = {[x, y] e ^(n) : a; G $fe A y e 
Also let (fc, n) = for fc > n. 

Definition 3. Let [x, y] G ak,n- Fori € No one can define the incidence coefficients 
in -R(n) as follows 

^'^"^ = \{z G [x,y] : [x,z] G (fc, /) A [z,y] G {I, n)}\ . (12) 

The the following formula holds. 
Proposition 1. 



k, n\ _ ( Fi k<l <n 
I 10 othervise 



(13) 



Now one can define the product * in i?(n) as follows. 
Proposition 2. Let [x,y] G (fc, n), (k < n) and f,g <E i?(n). Then 

{f*g){k,n)=J2Fifik,l)g{l,n) (14) 
;>o 

with the assumption that {k, n) = 0, for I < k or I > n. 
Proof. 

{f*g){k,n) = {f*g){x,y)= ^ f{x,z)g{z,y) 

x<z<y 



= fix,z)giz,y) 

k<l<n {z:[x,z]e(k,l), [z,v]e(l,n)} 



□ 



k<l<n 

= Y^if{k,l)g{l,n), 



l>0 
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So we have proved 

Theorem 1. Let F = {Fn}n>o z Fq — 1, be an arbitrary natural numbers valued 
sequence with Fq = l(with Fq = Q being exceptional). The the numbers Fn (n>0) 
are the incidence coefficients in the standard reduced algebra R(n) of cobweb poset 
n uniquely designated by the sequence F = {-Fn}n>o- 

One can also show the following 

Theorem 2. Let f £ i?(n). Then for x,y €ll such that [x,y] € (fc, n) the value 
f{x,y) depends on r{x) = k and r{y) = n) only, i.e. 



From, the definition of partial order on 11 one can also infer that for x,y £ Tl 
satisfying r{x) = r{y) and for f £ /(H), one has 



It is known that all elements of /(H) mentioned above, i.e. functions: fx, 
r], T]'^, C, C~^, X, x*^! are the elements of an arbitrary reduced 

incidence algebra i?(n, ~), (i.e. modulo an arbitrary order compatible equivalence 
relatione ^ on 5(11)). Then the next results follows immediately from this fact and 
above theorems. 



f{x, y) = /(fc, n) = /(r(x), r(y)). 



(15) 



f{x,y) = 5{x,y). 



Corollary 1. Let {k,n) e T. Then: 




k <n 
k > n 



(16) 




k <n 



k > n 



(17) 




k < n 
k >n; 



(18) 



n-l 





k <n 



(19) 



i=fe+l 





k > n 




k < n 



k > n 



(20) 




k = n 
k < n 
k > n 



(21) 
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X(fc, n) = 5{k + 1, n); 
X'{k,n) ^5{k + s,n) ■ Fk+iFk+2--Fn-i\ 



(22) 
(23) 



n-l 



fc > 



Corollary 2. T/ie standard reduced incidence algebra i?(n) is t/ie maximally re- 
duced incidence algebra i?(n), i.e. the smallest reduced incidence algebra on H. 
Equivalently the equivalence relation defined by ilC^) is the maximal element in the 
lattice of all order compatible equivalence relations on S'(n). 
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